
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



—123— 

Proposition. — "D-\-d — a cot A + b cot B + o cot C, in which d and D 
are the diameters of the circles inscribed in, and circumscribed about, a tri- 
angle whose sides are a, b, c, and opposite angles A, B, C." 

Demonstration. — Let ABC represent the triangle and 0, the center of the 
circumscribing circle, and let D, E, F, represent | 
the middle points of the sides a, b, c. 

Because the / BOG at the center is double I 
the,/ A at the circumference, / BOD = / A.\ 
DO ( = x) — \a cot A, and similarly i 
EO ( = y) = J6 cot B, 
FO( = z) = \paot a 
Join ZXE, DF and EF; then is .EF= \a, DF\ 
— J6 and D E = Jo. 

Because the quadrilaterals DCEO, EAFO and FBDO have, each, the 
sum of their opposite angles = 180° they are inscribable in a circle: 
Therefore (Eucl. D. VI.) we have 

\aR = ley + %bz, 
\bR = \cx -f Jaz, 
Jci2 = Jew/ + J6;c. 
J?(a+6-j-c) = (6+c)a; + (a+o)y + (a+6)«, (1) 

where R is the radius of the circumscribing circle. 
Let r represent the radius of the inscribed circle, then, obviously, 

r(a+b+c) = ax -+- by + cz. (2) 

Adding (1) and (2) we get 

(a+b-\-o)(R+r) = (a+b+e)x + {a+b + c)y + (a+b+c)z, 
or R + r = x~\-y + z = JacotJ. + ^bcotB -f JccotC. 

D-\-d = a cot A + b cot B + c cot G 




SOLUTIONS OF PROBLEMS IN NUMBER THREE. 



Solutions of problems in No. 3 have been received as follows: 
From Marcus Baker, 162 and 164; Prof. L. G. Barbour, 162; Prof. W. 
P. Casey, 166; George Eastwood, 164 and 166; Prof. H. T. Eddy, 165 & 
168; Henry Gander, 162; W. E. Heal, 162; Chas. H. Kummell, 162, 168 
and 169; Prof. O. Pratt, Sen., 163; J. W. P. Reid, 162; L. Eegan, 162; 
E. B. Seitz, 162 and 164; Prof. C. M. Woodward, 167; A. W. Whitaker, 
162; F. A. Walker, 162. 

162. "Given x* + xy + f = 37, (1) 

x 2 + xz + z 2 = 49, (2) 
f + yz + z* = 61, (3) 

to find x, y and z by quadratics". 
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SOLUTION BY W. E. HEAL, WHEELING, INDIANA. 

From (1), (2) and (3) we get, by multiplication, 

x*-f = Z7(x-y), (4) 

a*—* =4%— a), (5) 

f — z 3 = Ql(y — z). (6) 

37(x—y) = 4d(x—z) — 61(y — z). (7) 

Reducing, 2y=x-\-z. (8) 

Put x = y — v (9), and z = y -\- v. (10) 

Substituting in (3) and (2) we have 

Sf + Syv + v*= 61, (11) 

Sf +v 2 = 49. (12) 

3y» ^r""l2, or, yv = 4. (13) 

From (12) and (13) i/[(12) s — 12(13) 2 ] = ±(3/--t> 2 ) = 47; (14) 

" (12) « (14) T /[i(12) + i(14)]= 2 / = ±4ort; = ±4 1 /3, (15) 

•ft(12)- *(14)] =« =±1 ary = ±h/3. (16) 

a; = ± 3 or T VV 3 > and z = ± 5 or ± J^i/3. 



163 "Resolve the first member of the general Cubic Equation, a; 3 -{-pa; 2 
-|- qx = — r } into three factors, such that, when their signs are changed, 
their sum shall equal p ; when their signs are unchanged the sum of their 
products, taken two and two, shall equal q; and when their signs are un- 
changed, their continued product shall = — r. Or, in other words, find 
the forms of the three roots in terms of x and the coefficients." 

SOLUTION BY PROF. OESON PRATT, SEN., SALT LAKE CITY, UTAH. 

The following three factors fulfil all the conditions required in the prob- 
lem, and, therefore, must be the true forms of the three roots: 

— iP — ix + tyltf — iq — tyx — 3a; 2 ] ; 

— k> — & — WLp 1 — H — 2 p x — 3a;!! ]- 



164. "From any two points to draw two lines which shall meet in the 
circumference of a given circle, and make equal angles with the tangent at 
the point of intersection." 

SOLUTION BY GEORGE EASTWOOD, SAXONVILLE, MASS. 

Analysis: Suppose the problem solved; A and B the given points, O in 
AB the centre of the given circle, P the required point in its circumference 
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and AP, BP lines d rawn making equal angles APC, BPD with the inde- 
finite tangent CD. 

Join OP; then OP is perpendicular to CD I 
(Eucl. III. 18), the angles OPC, OPD are right j 
angles, the angles APC, BPD are equal (by hy- 
pothesis), therefore ZAPO — ZBPO. Hence | 
PO divides AB in so that 

AO : OB :: AP : BP. (Eucl. VI. 3.) 
Now AO and OB are given lines, therefore AP I 
: PB is a given ratio. Let it be as 1 : n, so I 
that n.AP = PP. But (Eucl. VI. B.) 

.4P.PB = .40. OP + OP 2 , 

«= .40(40+jB0) = AO.AB, a giv- 1 
en magnitude, therefore AP 2 = AOXAB-i-n, a given rectangle, therefore 
AP is known. Hence the following 

Construction. On .4P, the line joining the given points, take AO equal 
to the radius of the given circle. With centre A and a radius equal to a 
mean proportional between A and the nth part of AB, describe an arc in- 
tersecting the given circumference in P. Join OP and erect the indefinite 
perpendicular CPD. Join AP, BP, then the angles they respectively make 
with CPD will be equal to each other. 

Scholium. Let AP be produced (downward) to A', BP to B', and OP 
to 0' in A'B'. Then if A' and B' are taken for the given points, it may 
be easily shown that the lines A'P and B'P will make equal angles with 
the tangent CPD. 

[Because, in the foregoing solution, one of the given points must lie in 
the circumference of the given circle, therefore, if by "a given circle" is meant 
a circle given both in magnitude and position, this solution is but a particu- 
lar case of a more general solution involving an equation of the 4th degree. 
This is the view taken by E. B. Seitz and Marcus Baker, each of whom has 
reduced the solution to an algebraic equation of the 4th degree. Mr. Baker 
remarks, "This is the same as the celebrated problem of Alhazen. It was 
the prize question in the Ladies' Diary for 1727. Solutions of it have been 
given by Slusius, Huyghens, Dr. Robert Smith, Robert Simson, Robins, 
Hutton, Wales, &c."— Ed.] 

165. "Of the system of dynamical equations, 

d 2 x . mx ~ d 2 y.my _ „ d 2 z ,mz _ ,-, 

~oW^~l* ~ ' W 1 "^ ~ ' W + ~r* ~ ' 
where r=y / {x 2j r y 2 -\-z 2 ), seven first integrals are obtained of which it is sub- 
sequently found that five only are independent. How many final integrals 
can hence be deduced without proceeding to another integration." 
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SOLUTION BY PEOP. H. T. EDDY, UNIVERSITY OP CINCINNATI. 

The differential equations of the relative motion of two particles, having 
a combined mass of m, due to their mutual gravitation, are : 

d 2 x.mx ~ d 2 y my ~ d 2 z,mz n 

__+__ _ u, w -+^ - u, -^-r-p- - u, 

in which r* = a; 2 +2/ 2 +z 2 . Multiply severally by dx, dy, dz, and iategrate 
dx 2 .dy 2 .dz 2 ds* 2m , /1 s 

Again, multiply severally by either x,yovz and substitute, i. e., eliminate r, 
d 2 y d 2 z „ „ 

dy dz , , n s dz dx , /ox dx dy , ,.-. 

••• s dA y Tr b ^^ x Tr z Tt =h -^'ydr x dt ==h ^ (4) 

Once more, multiply the given equations severally by either (2), (3) or 
(4) and substitute, 

a dh —b d *y — _f x d *_ z §A mz j_ ( „ dx _ ,. d V\ m V 

b *TC~ hz ~dt == m J L $ dx — x (xdx+ydy+zdz ) J 
r dz r dy Crdx — xdr fjj; 

, dz 7 dy mx , /C \ 

b *di- b *dt = T- +c » (5) 

7 dx i dz my . ,„. 

b *di- b idi = -F +c » (6 ) 

, dy , dx m z , ,-■, 

b m- b *di = — +G *- w 

Equations (1) to (7) inclusive are the seven first integrals. 

Now, multiply severally (2), (3), (4), by x, y, z and add, 

b y x + b. 2 y + b s z = 0. (8) 

Also, multiply (5), (6), (7) severally by x, y, z, add and reduce by (2), (3), (4), 

mr + c 1 x + c 2 y + c 3 z = bl+bl+bl ' ' (9) 

Equations (8) and (9) represent a plane and quadric respectively whose 
intersection is the orbit: there are therefore no other independent relations 
between x, y, z. There must be however three more equations expressing 
xyz in terms of t: these cannot however be determined by any elimination 
between the seven first integrals, because t only appears in them as a differ- 
ential. Only two of these five independent primitives can therefore be ob- 
tained without further integration. 
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166. "If through a point O, within a given triangle ABC, three lines 
be drawn respectively parallel to the sides of the triangle ; viz., GE parallel 
to BC, FH, to AB and DT to AC, and there is given, GO X OJE + FO 
XOH+ DOXOT; to find the locus of by plane geometry." 

SOLUTION BY PROF. W. P. CASEY, SAN FRANCISCO, CAL. 

Construction. Let X be the centre of the circle circumscribing the trian- 
gle ABC. Join AO and produce it to K, 
draw TB parallel to OK, and TI parallel 
to CK. Join IF; and make the angle 
AD Y= angle OIF. 

Demonstration. It is evident that a cir- 
cle will circumscribe the quadrilateral OF 
IT, and that the triangles GOA and TEC 
are similar ; also, the triangles ODY and 
OIT are similar. Hence we have GO XTC 
= AOXTR, or GOxOE=AOXlK (1); 
and from the similar triangles ADY and 
OIF we have ADxOF = AYxOI, and 
therefore HOXOF = AYxOI (2) ; and from the similar triangles ODY 
and OIT we have DOXOT = OYxOI (3). By adding equations (1), (2) 
and (3) we get GOXOE+HOxOF+DOxOT = AOXIK+AYXOI+ 
OYXOI = AOXIK+AOXOI - AOXOK = (XK) 2 — (XO) 2 = a given 
quantity. 

[Solutions of the remaining problems in No. 3 will be published in No. 
5, as follows: 167, by Prof. C. M. Woodward; 168, by Prof. H. T. Eddy; 
169, by Chas. H. Kummell.-No answers to Queries in No. 3 have been rec'd.] 




PROBLEMS. 



160. (Selected) By G. "W. Hill. — Given the lengths of the eight 
edges of a quadrangular pyramid to find its altitude. 

161. By O. H. Merrill, South Rutland, N. Y. — A pail in the 
form of a frustrum of a cone — radius of upper base 2r, of lower base r, and 
height h — is inclined so that if water be poured in to it, the water will just 
reach the lower edge of the upper base, and the upper edge of the lower 
base. How many gallons of water in the pail ? 

162. By Artemas Martin, Erie, Pa. — Find the least integral val- 
ues of a; and y that will satisfy the equation z? — 981 7^ 2 = 1. 



